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The axisymmetric state of stress of a piecewise-homogeneous infinite plate bon- 
ded from parallel layers and weakened by a transverse slit (crack) is considered. 
This problem is interesting in connection with some questions of computing the 
strength of rock strata. An investigation of the problem reduces to the solution 
of an integral equation in a function characterizing the change in the slit shape. 

The singularity of the solution is isolated, permitting a detailed study of the 
stress field including the edges and ends of the slit. Some numerical results are 
presented. 

1. Let us consider the state of stress of a plate rigidly bonded together from strips of 

different elastic characteristics. The layers are assumed elastic, isotropic, and symmetric 

relative to the middle layer in both the elastic and geometric characteristics. The mid- 
dle of the strip is slit perpendicularly to the boundary, and the plate itself is subjected 
to tension along the layers (Fig.1). Let us take the following boundary conditions on the 

Fig. 1 

contour of the slit : 

0, = P Ml TX?/ -0, J: =o, ly I<1 

where p (y) is an even function. 
(I.11 

The quantities referring to the middle layer 
(O), the layers (1) and the semi-infinite plates 
(2) will be denoted by the indices 0. 1. 2, res- 
pectively. Taking account of more general 
boundary conditions, such as addition of layers 
between the medium (1) and (2). is not difficult 
in principle and the form taken for the problem 
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facilitates carrying out computations. 
Let us represent the stress components as the sum of two terms, one of which corre- 

sponds to the stresses caused by a tension on a plate without a slit, and the other by stres- 
ses caused by the presence of the slit. The former can be determined from the condition 
of equality of the strains along the layers 

C & = C&i _- C&s, 5;,i = 0, T&i = 0 (1.2) 

Here Ci = (1 - viz) / Ei for plane strain, and Ci = 1 / Ei for the plane state of 
stress, Ei, Vi are the Young’s modulus and Poisson’s ratio, i = 0, 1, 2. Because of 
the symmetry of the problem in both coordinates, let us consider just the lower right 

quadrant, for example. The additional stress components should vanish at infinity, and 
satisfy conditions (1.1) together with (1.2) on the slit contour. 

Let @i (x, y) denote the stress function. If the results of [1] are used, then after 
manipulation we obtain the solution for a compositesemi-infinite plate y < -1 in 
the case when normal ov = f (LX) and shear %tceU = g (5) tractions act on the boundary 
y = -1 

nQ (Ic, y) = :! f 

3 
cos ?Q (f,F, + f,F,) $ 

MD, (Jr, y) = 26 r eii cos Ax [(cp, - ‘p&) F, + (‘~4 - (~3 + (~34 F,l $y 

u 

Here 
m 00 

F, = f(t)cosAtdt, 
s 

F, = g(t)sinhtdt 
I 

” 0 

fi = [cp, (a + 6) - ‘pl (6 - c)l shk + cpz 6 ch k + 

(~a - ‘plb) kshk - (~a + ‘plc) kchk 

fz = [(pa b + 6) - 9361 shk + ((~4 - 93) 6&k + 

(qqz + 'p3c) k sh k - (cp4a - cp,bjk ch k 

D = -6” + (b2 - c”) 3’ - (b2- c” + 2c6) sh20 -- b6sh2tr 

‘pl = 6 (A, + B,) + a (B, + o-4, - oB,) 

‘pz = 6-4, + bB, + (J (bA, + cBo) 

Tp3= --6 (A, +B,)--((B"- a-4, + OBo) 

cp4 = --6A, - bB, + ci (bA, + cBo) 

A, = cho, B, = sh o, o = Ah, k =-1 ?L (y + h + 1) 

a = BI-Bz + P3, b= 2fi,, c =_ -PI + fix + B3, 6 = 2g, 

for plane strain 

and for plane stress 
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Let us seek the solution for a half-strip as 

Q’o (z, Y) = L (x:, Y) + H (~7 Y) 

H (XT, y) = 2 [ coshx(A,chhy+ B,kyshhy)$+L, 
n 

L (22, y) = 2 s cog sye-Sx (A, + B,ss) -$ + L2 
0 

Here H (z, y) is the solution for the strip 1 y 1 < 1, L (z, y) is the solution for the 

half-plane J: > 0 and A, (A), B, (h), A, (s), B, (s) are arbitrary functions, Li 
are arbitrary constants. 

Let us introduce an unknown function on the contour 

C,r (y) = dvi 8~: for z = 0, I Y I < 1 (1.3) 

which is evidently determined only by the solution L (z, y) and is related to a change 
in slit shape. Then by satisfying the second of conditions (1.1) and taking account of 

(1.3). we find that 

A2 = B, = ; R (s), R(s) = jr(t)sinstdt 

0 

The condition of equality of the stresses and displacements on the line y = -1 

results in a system of four linear algebraic equations in the unknowns F1, Fz, A,, B,, 
the first two of which are Fourier transforms of the unknown contact stress resultants. 
As a result of solving this system we obtain 

Fj = ‘-;z;; DS {[(ah2 h i- A,) alj - hatj1~1 + [(Ch’h + Ao) Qj - ka,jl ~1, 

j=i,a (1.4) 

Al =+ D [-(4F,+s,)(shh+hchh)-1(4F,-Qhshh] 

B, =& [(4F, + q) sh31. - (4F, - s2) chh] 

Here 
1 1 

,yI zzz - 

1; 
r(t) qe-Tit, s2 = 1 r(t) (1 - II) e-W, TJ = h (1 - t) 

-1 -1 

Dzia 2Ds ch2 A 
art - h’AD t au y 

Dzj12 
al2 = h2D -k T+ D,-- D3 

L&f23 
a2l - x"u $- 

Fj-D,-L&--D, 

D2f13 
az2 - h3D 

2Ds s112 h 

-+ A, 

A r- az2a11 - a12az1? A,, = (sh2L+2h) I2 
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where for plane strain 

D,=D,y,-yy,, D,-4, D,-C,lC1 

and for plane stress 

Jj, = y. - Dzyl, D, = C, i co, D, = 1 

By using the expression found for a,, (5, y) , after a number of manipulations, the first 

of conditions (1.1) is reduced to the following: 
1 

c 
r(t)w(t, Y)dt = - 27~ [p(Y) - d, IYI < 1 (1.5) 

Yl 

Cc 
4 (d, A- 1) 

i 
(2 - t) (1 -1/J + (1 - t) (1 + Y) (2 - y - t)" 12 H,, (y) t2?%+l _ (2fY--t)3 -. - 71=o 

Here 

dl = I403 (26,, + b,,) / A,1 - 1, d, = - 40, (b,, + h,) / A, 

bij = Uij (oo), bii=:!(D,+D,)y bij=D,+D,-Ds, i+l 

A, = bzzb,, - bnb,, 

m ~2n+le-2). 

H, (Y) = ?t (2:+ I)! 1 An 
{q2 [(A - 212 - 1) c e-S”2;34ke-” - 

0 

h,l ch h - h,, sh h f Ii21 ch h + ’ (“’ FAy) e” 1 t_ 
J 

ljIl [(h - 2n - 2) ( e-:J” ;]y=-” - AZ2 ch ?L - h,, sh h - 

h + h + h (~2 - ~712) e” 
12. AA, II dh + 

SD3 me-4).A2n+l 

nAl(2n + I)! 5 
(h - an - 1) @I& - q14) + 

0 

bn NV-* - 9s) + g&(L [ 2n - 2) b,, (1P2e-‘. + I)~) + 

b2, @he-* 4 h) - -$.$s]\ dL Ql = (%chh - 

hshh)chhy+ hychhshhy, $),===(shh--chh)chhy+ 

hy sh h sh hy, qm3 = ch hy + l12h (ch Ay + y sh by) 

+.I = - 1/2 ch hy - ‘f2h (ch hy -IL y sh hy) 

/Zij E __g e2A*__ 
0 

16 -$ e-g’.b,j 

The problem is therefore reduced to the solution of an integral equation of the first 

kind in the unknown function r (t). 
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2. Methods for the numerical solution of an equation of type (1.5) have been des- 
cribed in [2, 31. Let us seek an approximate solution of the problem in the form 

Here u2,_i (t) are odd Chebyshev functions of the second kind, 0 < p0 < 1. Substi- 
tuting (2.1) into (1.5) and evaluating the integrals ahead of the coefficient I’,,, we 
arrive at the deduction that compliance with the following condition 

cosnp, + 2(4 + 1) PO2 + d, + 6 = 0 (2.2) 

is necessary for the boundedness of o, , for I = 0, 1 y 1 < 1. 
This equation is independent of Et, v%. Its root 0 < po< 1 governs the nature of 

the growth of the stress components at the ends of the slit. Calculations confirm that 
such a root exists, and is moreover unique for each of the real values Ei, vi, i = 0, 1. 

The singularity encountered in (2.2) was first investigated in [4] in an examination of 
the stresses at the ends of a crack on the interface of two media. 

In order to determine the unknown coefficients rO, I’r (1 = 1, 2, . . . hf) , let us 
write (1.5) at the collocation nodes y1 and we obtain a system of linear algebraic equa- 
tions. Roots of the Chebyshev polynomials of the first kind 

(2Z - 1) jt 
Yt = con 4(M+i) , I = 1, 2, . . .( (M + 1) (2.3) 

are selected as collocation nodes. Here il! + 1 is the number of points dividing the 
segment [0, 11. It is interesting to note that A, = B, = 0 for a homogeneous plate 

(Ei=E,vt=v,p,,=0.5);if p(y)=0,crx00=1,thenI’,=0.5, lYI=O 
and the stress function L (2, y) yields quadratures, completely in agreement with the 
known solution [5] for an infinite plane with a rectilinear slit, for the stress components. 

Therefore, the series in (2.1) is a correction due to the inhomogeneity of the plate. 
The computation was carried out for M = 11. The integrals H,, (y) were evaluated 

by Simpson’s rule. The remaining integrals in (1.5M) are expressed in quadratures or 
are represented by hypergeometric series. 

The case of plane strain is considered in the examples presented below. It is moreover 
assumed that uGo = 0, p (y) = - 1, v0 = v1 = v2 = 0.25. 

Values of the contour stresses uy are given in Table 1 for E, / h’, = 1, h = 1 and for 

different values of the ratio E, / E,, (indicated in the upper row) ; uy = -1 for 
Elf E, = 1. 

Y 

0.999 
0.95 
0.9 

i:: 

z.2 
0:o 

3 5 10 100 iooo 

-- -- 

7.440 8.543 8.979 8.931 8.855 
0.325 0.675 0.967 1.262 1.281 

-0.156 0.086 0.298 0.533 0.550 
-0.521 -0.372 -0.233 -0.062 -0.049 
-0.780 -0.702 -0.623 -0.510 -0.501 
-0.879 -0.830 -0.776 -0.689 -0.682 
-0.928 -0.887 -0.844 -0.768 -0.763 
-0.936 --0 .903 -0.864 -0.792 -0.787 

Table 1 
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Setting E, = 0, E, =- Ear we obtain a strip with centered lateral slit. Presented in 
Table 2 are values (-a,) on the edge for different values of the ratio between the slit 

length and the width of the strip E = (1 + II)-’ (indicated in the upper row). 

Table 2 

0.999 
0.95 
0.9 
0.8 
0.6 
0 . /t 
0.2 
0.0 

0.8 

2.454 
2 .X5 
2.268 
2.085 
1 .805 
1.635 
1.544 
I .516 

0.0 

1 ./123 
1 ./to9 
1.39/1 
2.367 
1.321 
1.289 
1.270 
1.264 

- 

7 

0. ‘1 

- 

- 
0.2 0.1 

1.130 1 .026 1.007 
1.127 I .02fi I . Wti 
1.12ti 3.026 1 . ooti 
1 .I22 1.9X 1 . OM 
I.116 1.025 1 .OO(i 
1 .!I1 1.025 1 .OOti 
1.108 1.025 1.006 
1.107 1.025 1.006 

The solution of this problem by reduction to a Fredholm integral equation of the sec- 
ond kind has been presented in [6], where the coefficient of stress intensity is determined 

1 ___- - 
Fig. 2 

by the formula (I is half the crack length) 

N - $ P2 (1 - v”)-llim [L’,’ (r, ?/) (1 --- ?/)“‘I 
?/-1 

In the case under consideration here 

A comparison of the results yields an error not 
exceeding 0.65% for E ~<; 0.5. The deduction 
can be made that the intensity coeffici- 

ents and the stress components for h 4 0.2 
do not differ, in practice, from those for an 

infinite plate with a slit. The growth of 
IV / IV,, as a function of e is shown in Fig. 2. 
Here N, -z NI,=,. Computations show the 
high degree of convergence of the method in 

the case E, =- E,. For E, + E, the convergence of the solution is somewhat worse but 
it is almost independent of the values of the ratio between the layer stiffnesses. 

The authors are grateful to I. I. Vorovich for valuable remarks made during this re- 

search. 
BIBLIOGRAPHY 

1. Vorovich, I. I., Safronovr Iu. V. and Ustinov, Iu. A.,Strengthof 
Wheels of Complex Constructron, Research and Design. Mashinostroenie, Moscow, 
1967. 

2. Vorovi_ch. I. I. and.Ifofpasenko. V. V. , Some problems in the theory of 
elastIcin/ for a semi-m rmte strip. PMM Vol. 30. wl, 1966. 

3. Kopasenko, V. V., Bending of a strip. PMM Vol. 32. N”-3, 1968. 
4. Zak, A.R. and Williams, M. L., Crack point stress singularities at a bima- 

terial interface. Trans. ASME, Ser.E, J. Appl. Mech., Vol. 30. pl. 1.963. 
5. Muskhelishvili, N. I., Some Fundamental Problems of the Mathematical 

Theory of Elasticity. Akad. Nauk SSSR Press, 1954. 
6. Gol’dshtein, R, V., Ryskov, I. N. and Sal anik, R. L. , Centered trans- 

verge crack in an elastic strip. Izv. Akad. Nauk S ! SR, Mekhan. Tverd. Tela, N’4, 
1969. 

Translated by M. D, F. 


